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Semifinite Bundles and the Chevalley-Weil Formula
Shusuke Otabe ∗
Abstract
In our previous paper, we studied the category of semifinite bundles on a proper variety defined
over a field of characteristic 0. As a result, we obtained the fact that for a smooth projective curve
defined over an algebraically closed field of characteristic 0 with genus g > 1, Nori fundamental
group acts faithfully on the unipotent fundamental group of its universal covering. However, it was
not mentioned about any explicit module structure. In this paper, we prove that the Chevalley-
Weil formula gives a description of it.
1 Introduction
In [14], Weil proved that if a vector bundle E on a compact Riemann surface X can be trivialized by
some finite unramified covering Y → X , then there exist two different nonzero polynomials f 6= g ∈ N[t]
satisfying f(E) ≃ g(E). Vector bundles having the latter property are called Weil-finite bundles, or
simply finite bundles. In [10], Nori proved that the converse is also true, i.e., that any finite bundle can
be trivialized by some finite unramified covering. In fact, he established this correspondence in more
general setting. Now we recall his idea in the case where X is a proper smooth connected scheme over
an algebraically closed field k of characteristic 0. Nori studied the category CN (X) of finite bundles
on X and he proved that it is a neutral Tannakian category over k together with a neutral fiber
functor ωx : E 7→ x∗E induced by a rational point x ∈ X(k) [2]. By Tannaka duality, there exists
an affine group scheme piN1 (X, x) and the fiber functor ωx induces an equivalence of tensor categories
ωx : CN (X)
≃
−→ Repk(pi
N
1 (X, x)). The affine group scheme pi
N
1 (X, x) is called the fundamental group
scheme, or Nori fundamental group. Since each object in CN(X) is finite, it turns out that piN1 (X, x)
is a profinite group scheme over k. Nori also gives a description of the inverse functor ω−1x . Namely,
there exists a pointed piN1 (X, x)-torsor (X
N
x , x
N ) over (X, x) such that
ω−1x (V, ρ) ≃ (X
N
x × (V, ρ))/pi
N
1 (X, x).
The triple (XNx , pi
N
1 (X, x), x
N ) is a universal object in the category of all finite pointed torsors (P,G, p)
over (X, x). Namely, for each finite group scheme G, the map
Hom(piN1 (X, x), G)→ Tors((X, x), G); φ 7→ ((X
N
x , x
N )× (G,φ))/piN1 (X, x)
is bijective. Here Tors((X, x), G) stands for the set of isomorphism classes of pointed G-torsors over
(X, x). However, since now k is an algebraically closed field of characteristic 0, any finite G-torsor
having surjective corresponding morphism piN1 (X, x) → G is nothing but a finite connected Galois
e´tale covering with group G(k). Hence in this case, Nori fundamental group piN1 (X, x) is none other
than the pro-constant group scheme associated to Grothendieck’s geometric e´tale fundamental group
pi1(X, x) [4]. In particular, a vector bundle E on X is finite if and only if it is trivialized by some finite
e´tale covering of X .
In [11], Nori also studied a unipotent variant of the above argument. Now we recall this. A vector
bundle E is said to be unipotent if there exists a filtration
E = E0 ⊇ E1 ⊇ · · · ⊇ En = 0, (1.1)
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in Coh(X) such that Ei/Ei+1 ≃ OX for any i. Let Cuni(X, x) be the category of all unipotent bundles
on X . Nori proved that for a proper geometrically connected and reduced scheme X over a field k,
the category Cuni(X) is a neutral Tannakian category over k together with a neutral fiber functor
ωx = x
∗ and the corresponding affine group scheme piuni1 (X, x)
def
= pi1(Cuni(X), ωx) controls all pointed
unipotent torsors over (X, x). We will call piuni1 (X, x) the unipotent fundamental group. In particular,
in the case where k is of characteristic 0, any unipotent affine algebraic group scheme over k is uniquely
determined by its Lie algebra, so we can see that the maximal abelian quotient piuni1 (X, x)
ab is uniquely
determined by the vector space
Lie(piuni1 (X, x)
ab) ≃ Hom(piuni1 (X, x),Ga)
∨ ≃ H1(X,OX)
∨.
Note that these isomorphisms are canonical. Furthermore, he showed that if X is a curve with
dimH1(X,OX) = g, then there exists a non-canonical isomorphism
k[piuni1 (X, x)]
∨ ≃
∞∏
n=0
(H1(X,OX)
∨)⊗n ≃ k〈〈X1, . . . Xg〉〉. (1.2)
In [12], the author introduced the notion of semifinite bundles on a proper geometrically-connected
and reduced scheme X over a field k of characteristic 0. Here, a vector bundle E on X is said to
be semifinite if there exists a filtration as (1.1) in the category Coh(X) such that each subquotient
Ei/Ei+1 is finite. We denote by CEN (X) the category of semifinite bundles on X . If X(k) 6= ∅, again
the category CEN (X) is a neutral Tannakian category over k and each rational point x ∈ X(k) gives
a neutral fiber functor ωx = x
∗ [12, Proposition 2.14]. Furthermore, from the definition, both CN(X)
and Cuni(X) are full Tannakian subcategories of CEN (X) which are closed under taking subquotients
in CEN (X). Therefore, the corresponding fundamental group piEN1 (X, x)
def
= pi1(CEN (X), x∗) has as
a quotient both piN1 (X, x) and pi
uni
1 (X, x). In particular, we denote by p
N the natural projection
piEN1 (X, x)։ pi
N
1 (X, x). The kernel of p
N was calculated in [12, Section 4]. Now we recall this. Let
(XNx , pi
N
1 (X, x), x
N ) = lim←−
S
(XS , pi(X,S, x), xS) (1.3)
be the universal torsor associated to (X, x) [12, Section 2.2]. Here S runs over all finitely generated
full Tannakian subcategories of CN(X). Note that if k is an algebraically closed field of characteristic
0, then (XNx , x
N ) is none other than the universal e´tale covering of (X, x). Now we have the following
exact sequence:
1→ piuni1 (X
N
x , x
N )→ piEN1 (X, x)
pN
−−→ piN1 (X, x)→ 1, (1.4)
where we write
piuni1 (X
N
x , x
N )
def
= lim
←−
S
piuni1 (XS , xS). (1.5)
Furthermore, if k is an algebraically closed field of characteristic 0, since piuni1 (X
N
x , x
N ) is pro-unipotent
and piN1 (X, x) is pro-reductive, the above sequence always splits [5]. Now we fix a section t of p
N . Then
t defines a conjugacy action of pi1(X, x) = pi
N
1 (X, x)(k) on pi
uni
1 (X
N
x , x
N ):
ρt : pi1(X, x)→ Aut(pi
uni
1 (X
N
x , x
N )) ≃ Aut(k[piuni1 (X
N
x , x
N )]∨).
Let X be a projective smooth curve over an algebraically closed field k of characteristic 0 with genus
g > 0. The author shows that if g = 1, then the above action ρt is trivial, and that if g ≥ 2, then the
action ρt is faithful [12, Theorem 4.12]. The aim of this paper is to determine the pi1(X, x)-module
structure induced by ρt on k[pi
uni
1 (X
N
x , x
N )]∨. We claim the following:
Theorem 1.1. If X is a smooth projective curve defined over an algebraically closed field of charac-
teristic 0 with genus g > 0, then there exists a pi1(X, x)-module isomorphism:
(k[piuni1 (X
N
x , x
N )]∨, ρt) ≃
∞∏
n=0
(
k ⊕ (k[pi1(X, x)])
⊕g−1
)⊗n
.
2
Remark 1.2. In particular, Theorem 1.1 implies that the pi1(X, x)-module structure on k[pi
uni
1 (X
N
x , x
N )]∨
induced by ρt does not depend on the choice of the section t. This fact is a consequence of the freeness
of the unipotent fundamental group for a curve (1.2) (cf. Section 2). On the other hand, it seems that
in the case where dimX ≥ 2, the Galois module structure on k[piuni1 (X
N
x , x
N )]∨ induced by ρt depends
on the choice of the section t.
Acknowledgement. The author thanks Professor Takao Yamazaki for many clarifying discussions on
the relation between his previous work and the Chevalley-Weil formula. The author thanks Professor
Takuya Yamauchi for suggesting many examples of projective smooth higher dimensional varieties with
infinitely abelian fundamental group. The author is supported by JSPS, Grant-in-Aid for Scientific
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2 The Chevalley-Weil Formula and Proof of Main Result
Throughout this paper, k always means an algebraically closed field of characteristic 0 and X always
means a projective smooth connected scheme defined over k together with a fixed rational point
x ∈ X(k) and together with a fixed section t of pN (cf. (1.4)).
We will deduce Theorem 1.1 from the Chevalley-Weil formula [1]. To see the relation between
them, we consider the abelianization of ρt:
ρab : pi1(X, x)
ρt
−→ Aut(piuni1 (X
N
x , x
N ))
→ Aut(piuni1 (X
N
x , x
N )ab) ≃ Aut(Lie(piuni1 (X
N
x , x
N )ab)).
(2.1)
Here, we write Lie(piuni1 (X
N
x , x
N )ab)
def
= lim
←−S
Lie(piuni1 (XS , xS)
ab) and note that ρab does not depend
on the choice of the section t. Hence, we obtain a pi1(X, x)-module
Lie(piuni1 (X
N
x , x
N )ab) = (Lie(piuni1 (X
N
x , x
N )ab), ρab).
Now let X is a curve with genus g > 0. Then the following equation is the abelian version of Theorem
1.1:
Lie(piuni1 (X
N
x , x
N )ab) ≃ k ⊕ (k[pi1(X, x)])
⊕g−1. (2.2)
However, ρab is an inductive limit of subrepresentations:
ρab = lim
−→
S
(
Gal(XS/X)
ρab
S−−→ Aut(Lie(piuni1 (XS , xS)
ab))
)
(2.3)
(cf. [12, Proof of Theorem 4.12]) where note that pi(X,S, x)(k) = Gal(XS/X), so for the proof of (2.2),
it suffices to prove that for each S, the following isomorphism exists:
Lie(piuni1 (XS , xS)
ab) ≃ k ⊕ (k[Gal(XS/X)])
⊕g−1. (2.4)
On the other hand, since OXS = pi
∗
SOX , where piS : XS → X is the natural projection, the cohomology
H1(XS ,OXS )
∨ has a natural Gal(XS/X)-module structure. This Galois module structure is well-
understood by the Chevalley-Weil formula [1]:
H1(XS , pi
∗
SOX)
∨ ≃ k ⊕ (k[Gal(XS/X)])
⊕g−1. (2.5)
Therefore, for the proof of (2.4), it suffices to show:
Proposition 2.1. For any smooth proper connected scheme X over an algebraically closed field k of
characteristic 0 and for each finitely generated Tannakian full subcategory S of CN (X), there exists a
Gal(XS/X)-module isomorphism:
Lie(piuni1 (XS , xS)
ab) ≃ H1(XS , pi
∗
SOX)
∨.
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In fact, in the case where X is a curve over k, Proposition 2.1 implies Theorem 1.1:
Proof of Proposition 2.1 ⇒ Theorem 1.1. Let X be a projective smooth connected curve over k of
genus g > 0. As (2.3), also ρ can be written as an inductive limit of subrepresentations:
ρt = lim−→
S
(
Gal(XS/X)
ρS
−−→ Aut(AS)
)
, (2.6)
where we write AS
def
= k[piuni1 (XS , xS)]
∨ (cf. [12, Proof of Theorem 4.12]). Therefore, for Theorem 1.1,
it suffices to show that for each S, we have:
AS ≃
∞∏
n=0
(
k ⊕ (k[Gal(XS/X)])
⊕g−1
)⊗n
. (2.7)
However, note that there exists a canonical isomorphism of vector spaces over k as below:
AS ≃ lim←−
n
AS/m
n
S ≃
∞∏
n=0
m
n
S/m
n+1
S . (2.8)
Here we denote by mS the unique maximal ideal of AS . On the other hand, since ρS gives k-algebra
automorphisms of AS and since dimXS = 1, by the freeness of AS (cf. (1.2)), there exist canonical
isomorphisms of Gal(XS/X)-modules:
Lie(piuni1 (XS , xS)
ab)⊗n
≃
−→ (mS/m
2
S)
⊗n ≃−→ mnS/m
n+1
S (n > 0)
and the action of Gal(XS/X) on AS preserves the decomposition (2.8). Therefore, Proposition 2.1
and the Chevalley-Weil formula (2.5) imply (2.7), whence Theorem 1.1.
It remains to show Proposition 2.1. Let X/k be a smooth proper connected scheme.
Lemma 2.2. (1) If pi : P → X is an affine morphism, then we have an equivalence of categories
Qcoh(P ) ≃ ModX(pi∗OP ),
where ModX(pi∗OP ) stands for the category of pi∗OP -module objects in Qcoh(X).
(2) Furthermore, if pi : P → X is an e´tale Galois covering with group G, then under the identi-
fication G = Aut(P/X) ≃ AutOX -alg(pi∗OP )
op, σ ↔ σ−1, for each σ ∈ G, the following diagram is
commutative:
Qcoh(P )
≃
−−−−→ ModX(pi∗OP )
σ∗
y
yRes(σ−1)
Qcoh(P )
≃
−−−−→ ModX(pi∗OP ).
Proof. (1) It suffices to show that for any k-algebra homomorphism A→ B, there exists an equivalence
of categories: Mod(B) ≃ ModA(BA). Here for each M ∈ Mod(B), we write MA
def
= Res(φ)(M) ∈
Mod(A). Similar for each morphism in Mod(B). For eachM ∈Mod(B), let µM : B⊗kM →M be the
structure homomorphism. Then the associativity of µM implies that µM is a B-linear homomorphism.
Thus we obtain a A-linear homomorphism (µM )A : (B ⊗kM)A →MA. This factors uniquely through
the natural surjection (B⊗kM)A ։ BA⊗AMA and the induced A-linear homomorphism µMA : BA⊗A
MA →MA makes MA a B-module object in Mod(A). We define a functor Φ : Mod(B)→ ModA(BA)
by Φ((M,µM ))
def
= (MA, µMA). On the other hand, let N ∈ ModA(BA) and assume that the A-
linear homomorphism µN : BA ⊗A N → N gives a BA-module structure on N . Then the composition
B⊗kN ։ BA⊗AN
µN
−−→ N makesN aB-module, hence we obtain a functor Ψ : ModA(BA)→ Mod(B).
By construction, we have Φ ◦Ψ = id and Ψ ◦ Φ = id. Therefore Φ is an equivalence of categories.
(2) This follows from the fact that pi∗σ
∗E ≃ Res(σ−1)(pi∗E) in ModX(pi∗OP ) for eachE ∈ Qcoh(P ).
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Proof of Proposition 2.1. Let S ⊂ CN(X) be a finitely generated Tannakian full subcategory of CN(X)
and S ⊂ CEN (X) the subcategory obtained by successive extensions of finite bundles in S. To ease
of notation, we will simply write H,G and U for pi(X,S, x), pi(X,S, x) and piuni1 (XS , xS), respectively.
By Lemma 2.2(1), we obtain the following commutative diagram (cf. [12, Remark 4.8]):
ModS(piS∗OXS )
S

 //
≃

S
piS
∗
//
≃

α′
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
Cuni(XS)
≃
OO
≃

Repk(H)

 // Repk(G) //
α
''PP
PP
PP
PP
PP
PP
Repk(U)
≃

ModRep
k
(G)(P ).
Here ModS(piS∗OXS ) stands for the category of piS∗OXS -module objects in S. Similar for ModRepk(G)(P ),
where P
def
= (k[H ], ρreg) ∈ Repk(H), which corresponds to piS∗OXS ∈ S via the equivalence Repk(H) ≃
S. Since for each E ∈ S, we have α′(E′) = piS∗pi
∗
SE ≃ piS∗OXS ⊗ E, the functor α is given by
α(V ) = P ⊗ V . Now let G = H ⋉U and fix σ ∈ H(k) = Gal(XS/X). Then the conjugation action cσ
on G induces the action Φσ on ModRep
k
(G)(P ) which makes the following diagram commute:
Repk(H) −−−−→ Repk(G)
α
−−−−→ ModRep
k
(G)(P )
Res(cσ)
y Res(cσ)
y
yΦσ
Repk(H) −−−−→ Repk(G)
α
−−−−→ ModRepk(G)(P ).
We claim that for each ((V, ρV ), µV : P ⊗ V → V ) ∈ ModRep
k
(G)(P ), we have
Φσ((V, ρV ), µV ) = (Res(cσ)(V, ρV ),Res(σ
−1)(µV )). (2.9)
First note that there exists an isomorphism of algebra objects in Repk(G):
Pσ
def
= Res(cσ)(P )
σ−1
←−−
≃
P
and the functor Res(cσ) induces the trivial action on Hom-sets in Repk(G). Now the composition
P ⊗ (Res(cσ)(V, ρV ))
σ−1⊗id
−−−−−→
≃
Pσ ⊗ Res(cσ)(V, ρV )
= Res(cσ)(P ⊗ (V, σV ))
Res(cσ)(µV )=µV
−−−−−−−−−−−→ Res(cσ)(V, ρV )
(2.10)
gives a P -module structure on Φσ((V, ρV ), µV ), but the morphism (2.10) is nothing but Res(σ
−1)(µV ),
whence the equality (2.9). Therefore, by Lemma 2.2(2), the diagram
ModRepk(G)(P )
≃
−−−−→ Cuni(XS)
Φσ
y
yσ∗
ModRepk(G)(P )
≃
−−−−→ Cuni(XS)
(2.11)
commutes. Since the action of σ ∈ Gal(XS/X) on H1(XS , pi∗SOX) is induced by the pull-back functor
σ∗, the commutativity of the diagram (2.11) implies Proposition 2.1.
This completes the proof of Theorem 1.1.
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3 Remarks
Remark 3.1. If X is an abelian variety over k of dimension g > 0 and n > 0 is an integer, then the
multiplication map n : X → X gives a finite Galois e´tale covering of X with group G ≃ (Z/nZ)⊕2g.
Each element σ ∈ G acts on X by a parallel transformation, hence the action of σ on H1(X,OX) is
trivial because for any unipotent bundle E on an abelian variety and for any point a ∈ X(k), we have
T ∗aE ≃ E [8, Theorem 4.17], where Ta : X → X is the parallel transformation defined by p 7→ p+ a.
This fact on an abelian variety can be extended to more general setting. Namely, if X is a projective
smooth connected scheme defined over an algebraically closed field of characteristic 0 with pi1(X, x)
abelian, then for any finite Galois e´tale covering pi : P → X with group G, the G-module structure on
H1(P, pi∗OX) is trivial. Indeed, by the Lefschetz principle, we may assume that k = C. By Malcev-
Grothendieck’s theorem [7] [3], the commutativity of pi1(X, x) implies that the topological fundamental
group pitop1 (X(C), x) is commutative. Then by [6, Corollary 1.5], the S-fundamental group pi
S
1 (X, x) is
also abelian, hence so is piEN1 (X, x). (Note that pi
EN
1 (X, x) is a quotient of pi
S
1 (X, x).) Thus, by [13,
9.5 Theorem], we obtain piEN1 (X, x) ≃ pi
N
1 (X, x) × pi
uni
1 (X, x). This implies that pi
uni
1 (X
N
x , x
N )
≃
−→
piuni1 (X, x), whence the equivalence pi
∗ : Cuni(X)
≃
−→ Cuni(P ) (in particular, pi∗ : H1(X,OX)
≃
−→
H1(P,OP )), and that the action ρt : pi1(X, x) → Aut(k[piuni1 (X, x)]
∨) is trivial. By Proposition 2.1,
the triviality of ρt deduces the fact that the G-module structure on H
1(P, pi∗OX) is trivial.
Remark 3.2. Let X be a projective smooth connected curve over an algebraically closed field k of
characteristic 0 with genus g ≥ 2. Let pi : P → X be a finite Galois e´tale covering with group G. We
have seen that the conjugation action ρt endows each m
n
P /m
n+1
P with the structure of G-module and
that if n = 1, then this G-module structure coincides with the natural one on H1(P, pi∗OX)∨. In fact
this observation can be valid also for n ≥ 2. Indeed, we claim that there exist G-module isomorphisms
m
n
P /m
n+1
P ≃ H
1(P, pi∗(Vn ⊗ Ω
1
X/k)
∨)∨ (n > 0). (3.1)
Here, the sheaves Vn ∈ Coh(X) are defined by the following way. For each integer n > 0, let Un be the
n-th universal extension in Cuni(P ) with U1 = OP [11, Chapter IV]. Then the Galois group G acts on
the sheaf Ω1P/k⊗Un = pi
∗Ω1X/k⊗Un via the action on pi
∗Ω1X/k, so we obtain a sheaf Vn
def
= (Ω1P/k⊗Un)
G
over X . Note that all the Vn are locally free sheaves. Now we prove (3.1). By Theorem 1.1, we have
m
n
P /m
n+1
P ≃ (mP /m
2
P )
⊗n ≃
(
k ⊕ (k[G]⊕g−1)
)⊗n
(n > 0),
so it suffices to show that
H1(P, pi∗(Vn ⊗ Ω
1
X/k)
∨) ≃
(
k ⊕ (k[G]⊕g−1)
)⊗n
(n > 0). (3.2)
From the Serre duality and a basic property of the universal extensions, we find that
H0(P, pi∗(Vn ⊗ Ω
1
X/k)
∨) ≃ H1(P, pi∗Vn)
∨ = H1(P,Ω1P/k ⊗ Un)
∨
≃ H0(P,U∨n ) ≃ H
0(P,OP ) = k
is a trivial G-module. So we can adopt the proof of [9, Theorem 4]. Then, by the semi-simplicity of
k[G], we find that there exists a G-module isomorphism
H1(P, pi∗(Vn ⊗ Ω
1
X/k)
∨) ≃ k ⊕ (k[G])⊕(g
n
P
−1)/n, (3.3)
where gP
def
= dimH1(P,OP ). By the Hurwitz genus formula, we can find that (3.3) implies (3.2).
Therefore, we obtain the isomorphisms (3.1).
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